Abstract. This paper proves some selection properties of a class of positive real double sequences which converge to 0 in the sense of Pringsheim (see, e.g. [10] ).
Introduction
For a real double sequence x = (x m,n ) we say that it is convergent to 0 in the sense of Pringsheim (denoted by P-lim x = 0) [10] (see [2] ). Theory of double sequences (in particular, theory of convergence of double sequences in Pringsheim's sense) is important current part of mathematical analysis and other mathematical disciplines (see, e.g. [6, 7, 9, 11] ). Let x = (x m,n ) be a double sequence of real numbers. Then:
n (x)) is the Landau-Hurwicz sequence of x, if
n (x) = sup{|x k,l − x r,s | | k ≥ n, l ≥ n, r ≥ n and s ≥ n} for all n ∈ N (see [1] ); 2 • S * 1 (x) = (S n (x)), where S n (x) = n k=1 n l=1 x k,l for n ∈ N, is the sequence which represents the diagonal series of x; 3 • x is with finite diagonal sum, if there exists S
x k,l for m ∈ N and n ∈ N, is the double sequence which represents the double series of x;
5
• x is with finite sum in the Pringsheim sense, if there exists
Let us take a double sequence x = (x m,n ) of positive real numbers (denoted by x ∈ S 2 ). Then:
6
• x is an element of a class l ∈ R and x is an element of a class P-l
Remark 1.1. (a) For a sequence a = (a n ) of positive numbers we say that it is translationally rapidly varying in the sense of de Haan with the index of variability −∞, if
for every α ≥ 1 (the class of such sequences is denoted by Tr(R −∞,S )). Such sequences are important objects in asymptotic analysis (see, e.g. [3] ). It holds that the class Tr(R −∞,S ) is a proper subclass of the class of positive real sequences which converge to 0.
(b) For a double sequence x of positive real numbers it holds that x converges in Pringsheim's sense in R if and only if ω
For S ∈ (0, +∞) it holds that S = P-x if and only if S = x.
Proof.
(⇒) Let S ∈ (0, +∞) and S = P-x. Then for ε > 0 there exists n 0 = n 0 (ε) ∈ N such that S − S m,n (x) ≤ ε for every m ≥ n 0 and every n ≥ n 0 . So, for n ≥ n 0 we have S − S n,n (x) ≤ ε, so S = x.
(⇐) Let S ∈ (0, +∞) and S = x. Then for every ε > 0 there is n 0 = n 0 (ε) ∈ N such that S − S n,n (ε)(x) ≤ ε for every n ≥ n 0 . For k, l ∈ {0} ∪ N it holds
), then P-lim x = 0. The converse need not be true.
Proof. If x ∈ S 2 and x ∈ l 1 2 , then for every ε > 0 there exists n 0 = n 0 (ε) ∈ N such that V n (x) = x 1,n + x 2,n + · · · + x n,n + x n,n−1 + · · · + x n,2 + x n,1 ≤ ε for every n ≥ n 0 . So, for every k, l ∈ {0} ∪ N it holds that x n 0 +k,n 0 +l ≤ ε, i.e. x ∈ c 0 2,+ . Now, let us observe that the double sequence x = (x m,n ), where x m,n = 1 max{m,n} for m ∈ N and n ∈ N. Then x > +∞ n=1 1 n = +∞, so the double sequence x does not have finite diagonal sum. On the other side, x ∈ c 0 2,+ , because for every ε > 0 there exists n 0 = n 0 (ε) ∈ N (let say n 0 = [ 1 ε ] + 1), such that x m,n ≤ ε for every m ≥ n 0 and every n ≥ n 0 .
Let A and B be non-empty subsets from S 2 . Let us define the following selection principles (see, e.g. [5] and [1] ):
(a) S 
Main Results
The following propositions improve results given in [1] and [5] . ) is satisfied.
Proof. Let a double sequence of double sequences (x m,n,k,l ) be given, where for every (k 0 , l 0 ) ∈ N × N it holds
. Let us create the double sequence y = (y k,l ) in the following way:
(step 1) take y 1,1 from the double sequence x (1,1) so that y 1,1 ≤ 1;
(step 2) for (k, l) ∈ {(1, 2), (2, 2), (2, 1)} take y k,l from the double sequence
2·2−1 ; (step n, n ≥ 3) for (k, l) ∈ {(1, n), (2, n), . . . , (n, n), . . . , (n, 2), (n, 1)} take y k,l from the double sequence x (k,l) such that y k,l ≤ 1 n 2 · V n−1 (y) 2n−1 . We have that y is a double sequence of positive real numbers and that for every n ∈ N it holds S n,n (y) ≤ 1 + · · · + 1 n 2 , because S n,n (y) = − S n (y). Also, for sufficiently large n ∈ N the following holds:
Here we used the fact that the series V k (y) → 0 for n → +∞. Thus, the following holds:
. From Proposition 1.3 it follows y ∈ c 0 2,+ and from the construction of the double sequence y it follows that y k,l ∈ x (k,l) for every (k, l) ∈ N × N. This ends the proof. ) is satisfied.
Proof. Let (x m,n,k,l ) be a double sequence of double sequences with properties as in the proof of Proposition 2.1. Let us sort it (applying some of standard methods) into a sequence of double sequences (x m,n,r ), where for every r 0 ∈ N it is fulfilled x (r 0 ) = (x m,n,r 0 ) ∈ c 0 2,+ . Let form the double sequence y = (y s,t ) in the following way:
s,t ) be a double sequence such that for every (s, t) ∈ N × N it holds 0 < y . According to the construction of y there are infinitely many common elements of y with every double sequence x (r) , r ∈ N, at the same positions, which ends this proof. ) is satisfied.
Proof. Let ϕ : N × N → N be a bijection and let a sequence of double sequences (x m,n,r ) be given, where for every r 0 ∈ N, x (r 0 ) = (x m,n,r 0 ) ∈ c 0 2,+ is fulfilled. Create the double sequence y = (y s,t ) in the following way: Let arbitrary r ∈ N be fixed. Also, let (s(r), t(r)) = ϕ −1 (r) and let M(r) = max{s(r), t(r)}. There exists n 0 (r) ∈ N such that x n 0 (r),n 0 (r),r ≤ 1 M 2 (r)(2M(r) −1) . Take y s(r),t(r) = x n 0 (r),n 0 (r),r , for r ∈ N, and in that way create the double sequence (y s(r),t(r) ). It follows that y ∈ c 0 2,+ and y ∈ l 1 2 . According to the construction of double sequence y it follows that y and x (r) have exactly one common element for each r ∈ N. This ends the proof. ) holds.
